POLYNOMIALS AND
INVERSE FUNCTIONS

You were infroduced to functions and polynomials in Chapter 4, Functions. In this Mathematics
Extension 1 chapter, you will study polynomials in more detail and look at inverse functions.

CHAPTER OUTLINE

EXT1 Division of polynomials

EXT1 Remainder and factor theorems

EXT1 Polynomial equations

EXT1 Roots and coefficients of polynomial
equations

EXT1 Graphing polynomial functions

EXT1 Multiple roots

EXT1 The inverse of a function

EXT1 Craphing the inverse of a function
EXT1 Inverse functions



divide polynomials and write them as products of their factors

understand and apply the remainder and factor theorems

solve polynomial equations

draw polynomial graphs using infercepts and limiting behaviour

understand multiplicity of roofs and their effect on graphs

find and graph inverses of functions and identify whether the inverse is also a function
understand how to restrict the domain of a function so that its inverse is a function
understand properties of inverse functions




TERMINOLOGY

dividend: In division, the dividend is the
polynomial or number being divided

divisor: In division, the divisor is the number or
polynomial that divides another of the same

e

factor theorem: The theorem that states thata
polynomial P(x) has a factor x — & if and only if
P(k)=0

horizontal line test: A test that determines whether
the inverse of a function is a function: any
horizontal line drawn on the graph of the original
function should cut the graph at most once

inverse function: An inverse function undoes the
original function and can be shown by exchanging
the x and y values of the original function

monotonic decreasing: Always decreasing
monotonic increasing: Always increasing
multiplicity: If P(x) = (x — k)" Q(x)
where Q(x) # 0 and 7 is a positive integer, then
the root x = & has multiplicity
quotient: The result when dividing two numbers
or polynomials
remainder: A number or polynomial that is left
over after dividing two numbers or polynomials
remainder theorem: The theorem that states
that if a polynomial P(x) is divided by
x — k, then the remainder is given by P(k)
restricted domain: Domain restricted to the
x values that will make the inverse relation a
function

6.01 Division of polynomials

Long division is a way to divide by a two-digit number without using a calculator. We can also
use this method to divide polynomials. This allows us to factorise polynomials.

N INvEsTIGATION [EEEEEE

LONG DIVISION

. 119 13
. 48)5715
48
91
48
. 435
Y.
3
5715 3

c 20 1942
48 48

This means 271 X 48 = 119x48+%x 48.

the remainder.

Study this example of long division: 5715 + 48.

So 5715 =48 x 119 + 3. (Check this on your calculator.)
The number 5715 is called the dividend, the 48 is the divisor, 119 is the quotient and 3 is
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In Chapter 4, Functions, we learned that a polynomial is an expression in the form
P(x) = a,x" + ... + ayx" + ayx + ag, where 7 is a positive integer or zero. If we divide a
polynomial P(x) by A(x), we can write P(x) in the form Px) =Q(x)+ Rx) where Q(x) is the

A(x) A(x)
quotient and R(x) is the remainder.

P(x) B R(x)
) X A(x)=Q(x)x A(x)+ A

P(x) = A(x)Q(x) + R(x)

x A(x)

Dividing polynomials

A polynomial P(x) can be written as P(x) = A(x)Q(x) + R(x)

where P(x) is the dividend, A(x) is the divisor, Q(x) is the quotient and R(x) is the
remainder.

The degree of the remainder R(x) is always less than the degree of the divisor A(x).

EXAMPLE 1

a i Divide P(x)=3x"— &’ + 74" - 2x + 3 by x— 2.
ii Hence write P(x) in the form P(x) = A(x)Q(x) + R(x).
iii Show that P(2) is equal to the remainder.
b For each pair of polynomials, divide P(x) by A(x) and then write P(x) in the form
P(x) = A(x)Q(x) + R(x).
i Poo)=2 -3 +x+4,A@x) =2’ —x
il P)=x +2° + 52" — 60+ 15, A(x) =a” + 3

Solution
a i  Step 1: Dividing 34" by x gives 3x°. 33
x—2)3x4 — P +72% - 2x+3
Step 2: Multiply 3x° by (v — 2) and 353
find the remainder by subtraction. v 2) 32t — 2+ 7x% — 2043
3% — 2) = 3at — 62 3t — 623
5a°
Step 3: Bring down the 7x and next 303 + 52
divide 5x° by x to give 5x°. x—2)3x4— B Twl 2543
3xt — 64
5a° + 74
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Step 4: Multiply 5% by (x — 2) and 30+ 52
find the remainder by subtraction. e 2)3x4 P+ Tt 2243

Sat(x—2) =5 — 1047

3t — 64
54° + 7a?
5% —10x7
1747
Continue this way until we have a 33 + Sxl+ 17x+32
number (67) as the remainder. o 2)3x4 ~ 2t Txl— e+ 3
3at —64°
5x°+ 7x?
Sx? —1047
17262 — 2x
17x% —34x
320+ 3
32x— 64
67

il P@)=3x" -2+ 74" — 2x + 3 is the dividend.
A(x) =x — 2 is the divisor.
Q(x) = 3x + 5a% + 17x + 32 is the quotient.
R(x) = 67 is the remainder.
P(x) = A(x)Q(x) + R(x).
So3at =t + 7P — 20+ 3 = (v = 2)Ba’ + 5% + 17x + 32) + 67.

i PQ=30)*"-2’+72°-20)+3
=48-8+28—-4+3
=67

= P(2) is equal to the remainder.
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—2%+ x
—2x° +2x
—x+4
(* =32 +x +4) + (¢’ — %) =x — 2, remainder —x + 4
Sox’ =3 +x+4=(—-2)F —2) +(x+4)
3

X —2x+ 5
ii x2+3)x5+x3+ Sx’—6x+15

2+ 3%’
=2 +5x% -6
24 —6x
56 415
5 +15
0

Sox’ + &% 4527 — 6+ 15 = (o’ = 20 + 5)(x? + 3)

Exercise 6.01 Division of polynomials
Divide each pair of polynomials and write the dividend in the form P(x) = A(x)Q(x) + R(x).
Ga? + 20+ 5)+ (x+4)

(F+5x=2)+(x+1)

@ —Tx+4)+(x-1)

@+’ +20—1)+(x-3)

(4 +2x—3) + Qx +3)

@+’ —x—3)+@x-2)

(xA'—x3 —2 -3+ (x+4)

4od =22 + 60— 1)+ Qx + 1)

Gl =22 =3+ —x— D)+ (x+2)

10 (227 +5x+4) +(x—3)

11 2P +4% —x+8)+ (0 +3x+2)

12 (-2 +4? + 20+ 5) = (P +2x—1)

13 G -2 +x-1D)+@+1)

14 (-3 +3x—1)+ @ +59)

15 Q2x*'—523 4227 + 20— 5) = (o — 20)
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6.02 Remainder and factor theorems

The remainder

eorem Remainder theorem
If a polynomial P(x) is divided by x — &, then the remainder is P(k).

Factorising
polynomials

Proof
P(x) = A(x)Q(x) + R(x) where A(x) =x—k
P(x) = (v — H)Q(x) + R(x)
The degree of A(x) is 1, so the degree of R(x) must be 0.
So R(x) = ¢ where c is a constant.
s P) = (= k)Q) +¢
Substituting x = 4:
P(k)= (k- k)Q(k) + ¢
=0-Qk)+c¢
=c

So P(k) is the remainder.

a  Find the remainder when 3x* — 247 + Sx + 1 is divided by x — 2.

b Evaluate # if the remainder is 4 when 2x* + zx + 5 is divided by « + 3.

Solution

a When P(x) is divided by « — 2 the remainder is P(2).
PQ)=3Q)*"-202 +52)+1
=51

So the remainder is 51.
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b  The remainder when P(x) is divided by x + 3 is P(=3) since x + 3 =x — (-3).

So P(-3)=4
230+ m(-3)+5=4
162 -3m+5=4
167 —3m=4
167 =3m+4
163 = 3m
54§:m

The factor theorem is a direct result of the remainder theorem.

Factor theorem
For a polynomial P(x), if P(k) = 0 then x — & is a factor of the polynomial.

Proof
P(x) = (v — k) Q(x) + R(x).
The remainder theorem states that when P(x) is divided by x — &, the remainder is P(k).
So P(x) = (x — k) Q(x) + P(k).
But if P(k) = 0:
Plx)=(x—k) Q)+ 0
= (= k) Q)
So x — k is a factor of P(x).

The converse is also true:

Converse of the factor theorem
For a polynomial P(x), if x — & is a factor of the polynomial, then P(k) = 0.
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a  Show thatx — 1 is a factor of P(x) = «° — 7a” + 8x — 2.

b  Divide P(x) by x — 1 and write P(x) in the form P(x) = (x — 1)Q(x).
Solution

a  The remainder when dividing the polynomial by x — 1 is P(1).
P(1)=1>-7(1)*+8(1)-2
=0
So x — 1 is a factor of P(x).

b x> —6x+2
x—lix3—7x2+8x—2

Zx -2 Sox’ - 7a% +8x -2 = (x — 1)(x? — 6x +2).

Some properties of polynomials come from the remainder and factor theorems.

The zeros of the polynomial P(x) are those values of x for which P(x) = 0.

Properties of polynomials
e If polynomial P(x) has » distinct zeros &y, k5, k3, ..., k

s Ry

then (x — &))@ — ky)(x — k3) ... (x — k,) is a factor of P(x).

* If polynomial P(x) has degree 7 and 7 distinct zeros ky, k,, ks, ..., &, then
P) = a,(x = k) — k) — k) <. (5= B,

* A polynomial of degree # cannot have more than # distinct real zeros.

* A polynomial of degree 7 with more than 7 distinct real zeros is the zero
polynomial P(x) = 0x” + 02" ~ ' + ... + 0x” + Ox + 0.

* If2 polynomials of degree 7 are equal for more than 7 distinct values of x,
then the coefficients of like powers of x are equal:

ifa "+ ...+ a4 +aw+ag=bx"+ ...+ by’ +byx + by, thena,=b,, ..., a, = by,
ﬂl = bl’ ﬂo = bo.
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If a polynomial has degree 2, show that it cannot have 3 zeros.
Solution

Let P(x) = a,x’ + ayx + a, where a, # 0.

Assume P(x) has 3 zeros, k;, k, and k;.

Then (x — k;)(x — k;)(x — k3) is a factor of the polynomial.

o P@) = (= k)@ — k) — k) Q@)

But this polynomial has degree 3 and P(x) only has degree 2.

So P(x) cannot have 3 zeros.

Write 2° — 24° + 5 in the form ax® + b(x + 3)? + (v + 3) + 4.
Solution

4’ + b+ 3 + e+ 3) +d=ax’ + b(x* + 6x+9) + c(x +3) +d
=ax> + by’ + 6bx + b+ cx + 3c+d
=ax’ + b’ + (6b+)x+ 9+ 3c+d

Forx® — 2x% + 5 = ax’ + ba® + (6b + O)x + 9b + 3¢ + d:

by equating coefficients

a=1 (1]

b=-2 2]

6b+c=0 (3]

9 +3c+d=35 [4]

Substitute [2] into [3]: Substitute # =-2 and ¢ = 12 into [4]:
6(-2)+c=0 9(-2)+3(12)+d=5
-12+4+¢=0 -18+36+d=>5
c=12 d=-13

X =2+ 5= = 2w+ 32+ 12(x + 3) - 13.
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Factorising polynomials

Factorising

polynomials If x — & is a factor of polynomial P(x), then  is a factor of the constant term of the
polynomial.
You already use this property to factorise
quadratic trinomials of the form ax? + bx + c.

Let P)=a " +a, " '+a, 2" 2+ .. +ax’ +ax+aywhere a, #0.

Proof

If x — k is a factor of P(x), then:
P(x) = (x — k)Q(x) where Q(x) has degree n — 1.

Pax)=(—k)b, " +b, 2"+ ...+ b’ + b+ by) where b, | #0

=uxb, 2"V 4ab, X" 4. +abxxby—kb, " —kb, "
— kbyx® — kbyx — kb,
=b, & +b, " b A b —kb, T —kb, "= = kb — kb — kb,
=b, "+ (b, —kb, )" 4.+ (b= k) + (by— k)x — kb,
S ﬂ():—kbo

So k is a factor of 4.

Shutterstock.com,/Vlad Kochelaevskiy
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Factorise each polynomial.

a P@)=x+3x"—4x—12 b Pk)=x’+3x2"+5x+15
Solution
a Try factors of the constant term, —12 (that is, £1, £2, £3, 4, £6, £12).

Substitute these into P(x) until you find one where P(k) = 0.
P)=1+3(1Y-4(1)-12=-12#0

.. x— 1 is not a factor of P(x).
PQ)=2>+302)1%-4Q2)-12=0

.. x — 2 is a factor of P(x).

Divide P(x) by x — 2 to find other factors:

x> +5x+ 6

x—2)x3+3x2— 4x—12

X = 2u?
Sxt— 4x
5a% —10x
6x —12
6 —12 o P(x) = (v — 2)(* + Sx + 6)
0 =@x—-2)@+2)(x+3)

b Try factors of 15 (that is, +1, +3, £5, £15).
P(=3)= (=3’ +3(=3’+5(=3)+15=0

- x+ 3 is a factor of f{x).

Divide P(x) by x + 3 to find other factors:

x? + 5

x+3)x3+3x2+sx+15

¥+ 32
0+ S +15
S +15
0 o P() = (v +3)( +5)
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Exercise 6.02 Remainder and factor theorems

1 Use the remainder theorem to find the remainder in each division.

= @ [} e )

=22 +x+5)+ (x—4) b +5x+3)+@+2)

Qxt —dx - 1)+ (x+3) d Gr+2¢ —x+4)+@x-75)
G’ + 265+ 20 = 9) + (v — 1) f -2+ -x-1)+@+2)
Qx?+7x=2)+(x+7) h @ +52°-1)+@-3)

Qx8 =327 +x+4) = (x+5) j Gat=at =t —x=7)+(x+1)

2 Find the value of % if:

> 0 6 T

o A T Q

4 a
b

the remainder is 3 when 5x* — 10x + & is divided by x — 1

the remainder is —14 when x° — (k —1)x + Skx + 4 is divided by x +2
the remainder is 0 when 2x° + 74 + 1 + k is divided by x + 6

2x* — kx* + 347 + 2 — 3 is divisible by x — 3

the remainder is 25 when 2x* — 32? + 5 is divided by x — k.

Find the remainder when f(x) = &’ — 4x” + x + 6 is divided by x - 2.
Is x — 2 a factor of f(x)?

Divide * — 42’ +x + 6 by x — 2.

Factorise f(x) fully and write f(x) as a product of its factors.

Show that x + 3 is a factor of P(x) = 2™ + 3a° — 927 — 27x.

Divide P(x) by x + 3 and write P(x) as a product of its factors.

5 The remainder is 89 when P(x) = ax’ — 4ba’ + x — 4 is divided by x — 3, and the
remainder is =3 when P(x) is divided by x + 1. Find the values of # and .

6 When f(x) = ax’ — 3x+ 1 and g(x) =&’ — 3x* + 2 are divided by x + 1 they leave the same
remainder. Find the value of 4.

7 a
b

Show that x — 3 is not a factor of P(x) = x° — 2x* + 7a® = 3x + 5.
Find a value of k such that x — 3 is a factor of Q(x) = 2x° — 5x + k.

8 The polynomial P(x) = &° + ax” + bx + 2 has factors x + 1 and x — 2.

a
b

9 a

(o)

Find the values of # and 5.
Write P(x) as a product of its factors.

The remainder when f(x) = ax* + ba’ + 1527 + 9x + 2 is divided by x — 2 is 216, and
x+ 1 is a factor of f(x). Find # and b.

Divide f(x) by x + 1 and write the polynomial in the form f(x) = (x +1)g(x).
Show that x + 1 is a factor of g(x).
Write f(x) as a product of its factors.
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10 Write each polynomial as a product of its factors.

a Px)=+"-2x-8 b Pr)=x+1"-2x

¢ fW=x++a"—10x+8 d g)=o+44" — 11x-30

e G=a—114"+31xr-21 f P)=x—1227+17x+90

g Q@ =« —7x"+16x-12 h R =x"+6x"+ 927 + 4
11 a Write Px)=«’—Tx+6asa product of its factors.

b  What are the zeros of P(x)?

¢ Is(x—2)(x+3) a factor of P(x)?

12 If f(x) = «* + 102’ + 234 — 34x —120 has zeros —5 and 2:
a show that (x + 5)(x — 2) is a factor of f(x)

b  write f(x) as a product of its linear factors.

13 If P(x) =«* + 32’ — 134% — 51x =36 has zeros =3 and 4, write P(x) as a product of its
linear factors.

14 a Show that P(x) = x* — 35> — 34w + 120 has zeros —6 and 5.

b  Write P(x) as a product of its linear factors.

15 Evaluate 4, b, c and d if:
P —3=alc+ 1) +bx+1)+c

The congruency symbol = means 'is
g Yy Sy

a

b 2 -3x+1=a(+2)+bx+2)+c identical to' when applied to algebra.
¢ F-x-2=alx—1Y +bx-1)+c

d F+rx+6=alx—3 +bx—-3)+c

e 3 -Sx—2=alw+ 1) +bx—1)+c

f

P43 =2+ 1=a +b(x— 1)’ +cx+d
16 A monic polynomial of degree 3 has zeros -3, 0 and 4. Find the polynomial.
17 Polynomial P(x) = ax’ — bx’ + cx — 8 has zeros 2 and 1, and P(3) = 28. Evaluate 4, b and c.
18 A polynomial with leading term 24" has zeros —2, 0, 1 and 3. Find the polynomial.
19 Show that a polynomial of degree 2 cannot have 3 zeros.

20 Show that a polynomial of degree 3 cannot have 4 zeros.
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6.03 Polynomial equations
P(x) is a polynomial while P(x) = 0 is a polynomial equation.

The solutions to P(x) = 0 are called the roots of the equation or the zeros of the

polynomial P(x).

EXAMPLE 7

a  Find all zeros of P(x) = * — 7x + 6.

b Find the roots of x* + 4x* — 7x% — 10x = 0.

Solution

a Factorise P(x) by trying factors of the constant term, 6 (that is, 1, £2, £3, £6).

P)=1>-71)+6=0

So x — 1 is a factor of P(x).

2

x° +x—-6
x—1m
5 — 52

: P(x) = (x = 1)(@* +x - 6)

x“=T7x

x°— x+6 = - D +3)(x—-2)

Tm For zeros, P(x) = 0:
—6x+6 (X—l)(x+3)(x—2)=()

0 x=1,-3,2

b  Factorising: x* +4x’ — 7a% — 100 = 2(x’ + 42 — 7 — 10)
To factorise x° + 4x? — 7x — 10, try factors of —10:
P)=1>+4(1P%-7(1)-10=-12 20

PQ)=2+4Q2-7(2)-10=0

So x — 2 is a factor of P(x).
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¥+ 6x+5
x—z)x3+4x2—7x—10

¥ —22°
6’ — Tx
6x” —12x
Sx—10
5x—10
0

Soxt+4x’ = 7a" — 10 =x(v - 2) (" + 6x + 5)
=x(x—2)(@+5)@x+1)
Solving o 40’ =70 =100 =0

Roots arex =0, 2, -5, —1.

Exercise 6.03 Polynomial equations

1 Find all the zeros of each polynomial.

a P)=x-4l+x+6 b Rx)=+-3"-x+3

¢ Pr)=x-3x"—6x+8 d f(x)=x3+x2—16x+20

e P =x-112%+23x+35 f P)=2+7x"—17x+9

g f(x)=x4—7x2—6x h Qw=x"-2-7+x+6

i fW=a"-22 32" +8x—4 j P =x"+3x — 154" — 192+ 30
2 Find the roots of each polynomial equation.

a ¥+a’-5x+3=0 b & -3x-x+3=0

¢ -9 +26x-24=0 d -2+ -13x-10=0

e 2 —-102+23x-14=0 f £ -13x-12=0

g -9 +11x"+21x=0 h ot+a’ - 160" —4x+48=0

i -5 +4=0 j oot -1 +x+12=0
3 Solve:

a 27°-37-3x+2=0 b 2+°-3x"-2x+3=0

€ 5S¢ -4 -11x-2=0 d 40’ -25¢° +49x-30=0

e 60—13x"+9x-2=0
4 Find the zeros of P(x) = x* — 6x° — 192 + 84x + 180.

5 Find the roots of 2x* — 54° + Sx =2 = 0.
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6.04 Roots and coefficients of polynomial
equations
=i Quadratic equations

If a quadratic equation #x” + bx + ¢ = 0 has roots o, and B, then the equation can be written as:
(x—-o)x—P)=0
o —Pr—ox+of=0
o —(+Pr+ap=0

. . . b c
But ax’ + bx + ¢ = 0 can be written in monic form as &° + —x + — = 0.

a a

b ¢
-+ Br+op=atF—x+ —
a a

s—(a+P)= = and off = £
a a

giving us formulas for the sum and product of the roots in terms of the coefficients 2, & and ¢:

Sum and product of the roots of a quadratic equation
For the quadratic equation ax + bx + ¢ = 0:

Sum of roots:
b
o+pf=——
a
Product of roots:

of =

c
a

EXAMPLE 8

a  Find the quadratic equation that has roots 3 ++/2 and 3 — /2.
b If o and B are the roots of 2x* — 6x + 1 = 0, find:
i o+p
ii of
i o + p?
¢ Find the value of % if one root of kx* — 7x + k + 1 =0 is -2.

d  Evaluate p if one root of &* + 2x — 5p = 0 is double the other root.
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Solution

a o+P=3+2+3-2
=6
af=G+v2)x(3-2)
-5~
=9-2
=7

Substituting into &> — (ot + B)x + ap = 0 gives & — 6x + 7 = 0.
g g

b i oc+[3=—é ii oc[3=i
a a
_ (=6 _1
= 3 2
=3
ili Use (a+B)’ = o’ + 20 + B
So o + B* = (o + B)* - 20B
=(3)2—2[ %l from i and ii
=9-1
=8

¢ If-2isaroot of the equation then x = -2 satisfies the equation.
k(=2 =7(=2)+k+1=0
4k+14+k+1=0

Sk+15=0
Sk=-15
k=-3
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d Ifone rootis a then the other root is 20.

Sum of roots:

a+B:—£
a+200=——
3o0=-2
2
===
3
Product of roots:
oc[3=£
a
ax2o= #
202 =-5p

Cubic equations

Substituting o = —%:

(5] =
2(5) -5
po 8

45

If a cubic equation ax® + bx* + cx + d = 0 has roots o, p and y then:

(@ — o) —-P)—-y=0
@ -Br—ox+af)x-7) =0
& = — Ba? + Byx — o’ + oy + aPx — Py =0

& = O+ B+’ + (Of + By + op)x — ofy=0

d

. . . . . b ¢
The cubic equation ax® + bx* + cx +d = 0 can be written in monic form as & + =2 + = x + = =0.

x - (0+ P +y)x2 + (0f + By + ayx — ofy= x +£x2+
a

Equating coefficients gives the formulas below.

a

Sum and product of the roots of a cubic equation

For the cubic equation ax® + bx* + cx +d = 0:

Sum of roots 1 at a time:

a+B+y=—£
a

Sum of roots 2 at a time:

off + oy + 5722

Product of roots:

d
ofy=-—
a

c
—x+

a a

Do you notice a pattern in
these formulas?
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a Ifa,f,yare the roots of 22 =52 +x—1=0, find:

i (@+p+y) i @D+ DEED) i el
o By
b If one root of x* — ? + 2x — 3 = 0 is 4, find the sum and product of the other two

roots.

¢ Solve 124’ + 324% + 15x — 9 = 0 given that 2 roots are equal.

Solution
. b )
=—— 5
a |1 (X+B+Y P (OC+B+'Y)2=(E)
__5)
) =6t
-2 !
2
il (a+DB+Dy+1) ocByz—é
=@+ DEy+B+y+1) E’ )
=ofy+oaf+oy+oa+PBy+pf+y+1 =5
=ofy+©@B+oy+fy)+(@+B+y+1 _1
oc[3+ocy+|37=£ 2
a
1 .-.(oc+1)([3+1)(y+1)=1+1+£+1
=5 2 2 2
2
=4l
_4_E
1 1 1 +ay+a
ao 1,11 _Prroy+od
o By oy
-
_2
1
2
=1
b Roots are o, B, y where, say, y=4. ofy=— d
a+B+y:—£ a
a of@) =3
Lo+Bf+4=1 3
sLaf==
o+p=-3 4
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¢ Let the roots be o, oc and B.

oc+B+y=—é

a
0c+a+[3=—%
;2a+B=—§ [1]

oc[?>+ocy+[3y:£
a

ococ+oc[3+oc[3=E

12
2 -2 2
o’ +20B = (2]
ofy =——
a
-9
aaB——IE
233 [3]
o B 4
From [1]:
p=—2-20 [
3
Substitute in [2]: To find B, substitute each value in [4].
2 8 5 1
(x+2a(—§—2a)=z- o=-15:
120L2+24(x(—§—20c)=15 B:_§_z(—1%)
3
1207 — 640 — 480 = 15 _1
3602 + 640+ 15 =0 3 .
Qo+ 3)(180+5)=0 =15’
200=-3 18t =-5
1 5 b= _g - 2(_%)
a=-1 “TT8 1
=—2§

MATHS IN FOCUS 11. Mathematics Extension 1 ISBN 9780170413299



Only one of these values for o can be correct. Test by substituting each in the LHS of [3]:

5 1
=—ll’ = — =__, =_27
o B 3 18B 9
()2 S
2)\3) 4 18 9 2916
=Lk # RHS
.. The roots are —1% and %

Quartic equations
If a quartic equation ax* + ba® + o’ + dx + e = 0 has roots o, B, y and 8 then:
(@ —o)(x—P)lr - -8 =0
When expanded fully, this is:
ot — (o + B+y+8)x + (0f + oy + 0d + By + B3 + Y8)x” — (oy + oS + oryd + Byd)x + oS = 0
The quartic equation ax” + bx® + cx’ + dx + ¢ = 0 can be written in monic form as:

x4+£x3+£x2+ix+£= 0.
a a a a
= (04 B+ Y+ ) + (af + oy + o + By + BS + v8)x’ — (afy + aPS + 0yd + Pyd)x + aPyd
S LA e I A
a a a a

Equating coefficients gives the formulas below:

Sum and product of the roots of a quartic equation

For the quartic equation ax* + bx® + cx” + dx + ¢ = 0:

Sum of roots: OL+B+Y+5=—£
a
. _¢ Do you notice a pattern in
Sum of roots 2 at a time: oc|3+ow+oc6+[37+|36+76—d
Sum of roots 3 at a time: ofy+ ofyd + oryd + Pyd = 4
a
Product of roots: opyd = £
a
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. INVESTIGATION (R

HIGHER DEGREE POLYNOMIALS

. 'This pattern of roots and coefficients extends to polynomials of any degree.

. Can you find results for sums and products of roots for polynomial equations of

. degree 5, 6 and so on?

If o,B,y and 6 are the roots of xt =22 +7x =3 =0, find:

a ofyd b ofy+ apd+oyd + Byd c
Solution
a ofyd= £ b
a
_-3
1
=3
C l+l+l+l= Byd  oyd ocl38+(x[3y
o By & ofd ofyd ofyd apfyd
_ Byd+od+opd+afy
ofyd
-7
-3
= 2%

1 1 1 1
—t—t—+—
o Yy 0
ofy+ offd + oyd + Byd =——
__7
1
=-7

Exercise 6.04 Roots and coefficients of polynomial equations

1 Given that o and f are the roots of the equation, for each quadratic equation find:

P +T7x+1=0

ofy
20— +6x+2=0

i o+P i of
a -20+8=0 b 3:+60-2=0 c
d 4 -9x-12=0 e S5 +15x=0
2 Where 0, B, and y are the roots of the equation, for each cubic equation find:
i a+B+y i of+oay+By
a O+ -2x+8=0 b +-3r+5x-2=0 ¢
d -3 -11=0 e 2 +7x-3=0

MATHS IN FOCUS 11. Mathematics Extension 1
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3 For each quartic equation, where o, B, Y and & are the roots of the equation, find:

i o+B+y+d il of+oy+oad+By+ps+yS
iii ofy+ oPpd + oyd + Byd iv opyd

a F+280 - —x+5=0 b +'-2-3+2x-7=0

¢ w3 -2x+4=0 d 2622 — 4’ +3x-2=0

e 2t-122+7=0

4 If o and B are the roots of x° — Sx — 5 = 0, find:

a o+pP b o c éJr% d o +p’
5 If o, B and yare the roots of 2+ + 54* —x — 3 =0, find:
a ofy b of+oay+py ¢ a+B+y
d gt e (@+DB+DH+D
6 Ifo, B, yand § are the roots of x* — 2’ + Sx =3 =0, find: Dol
a ofyd b ofy+oBd+oyd+Byd ¢ E+E+;+g

7 One root of &’ — 3x + k — 2 = 0 is —4. Find the value of k.

8 One root of ¥’ — 5% —x + 21 =0 is 3. Find the sum o, + B and the product af of the
other 2 roots.

9 Given P(x) = 24" — 7" + 4x + 1, if the equation P(x) = 0 has zero x = 1, find the sum and
product of its other roots.

10 Find the value(s) of # if the quadratic equation &* — (k + 2)x + k£ + 1 = 0 has:
a equal roots b onerootequalto 5
€ consecutive roots d one root double the other

e reciprocal roots.
11 Two roots of & + ax® + bx + 24 = 0 are equal to 4 and 2. Find the values of z and b.

12 a Show that 1 is a zero of the polynomial P(x) = 2" — 24’ + 7x — 6.
b If o, B and yare the other 3 zeros, find the value of o + B + yand ofy.

13 Ifx=2isa double root of ax* — 2x* — 8x + 16 = 0, find the value of # and the sum of the
other 2 roots.

14 Tivo of the roots of &* — px* — gx + 30 =0 are 3 and 5.
a Find the other root. b Findpandg.

15 The product of two of the roots of x* + 24’ — 18x — 5 = 0 is -5 Find the product of the
other 2 roots.
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16 The sum of 2 of the roots of x* + &° + 7x” + 14x — 1 = 0 is 4. Find the sum of the other

2 roots.

17 Find the roots of x* — 3x” + 4 = 0 given that 2 of the roots are equal.

18 Solve 124° — 4a” — 3x + 1 = 0 if the sum of 2 of its roots is 0.

19 Solve 6x* + 5x° — 245° — 15x + 18 = 0 if the sum of 2 of its roots is zero.

20 Two roots of x* + 7x* — 3x — 18 = 0 are equal and rational. Find 7.

6.05 Graphing polynomial functions

To graph polynomial functions, factorise polynomials to find their zeros first.

Polynomial
graphs

Graphing a  Factorise the polynomial P(x) = x° — x* — 5x — 3.

polynomials

b Sketch the graph of the polynomial.

Solution

Sketching
curves

a Factors of -3 are £1 and 3.
P1)=(-1)" = (-1 = 5(-1) - 3
=0

So x + 1 is a factor of the polynomial.
By long division,
P(x) = (x + 1)(x* — 2x - 3)

=@+ D —3)(x+1)

=@+ 1)@ -3)

b  For the graph of P(x) = x’— #’~5x - 3,
For x-intercepts, P(x) = 0:
0=o'—a? - 5x-3

=@+ 1) -3)
x=-1,3

So x-intercepts are —1 and 3.

xt=2x—3
x+1ix3—x2—5x—3
2% -5«
“2x° =2«
—3x-3
—3x—3
0

For y-intercept, x = 0:
P0)=0° - (0’ = 5(0) -3
=-3

So y-intercept is —3.

MATHS IN FOCUS 11. Mathematics Extension 1
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4
3_
2
1
o 5 0 ‘11 T2 3
2
-39
s’
Test v < —1, say x = —2: Test—1 <a < 3,say x=0:
P(=2)=(=2+ 1)’ (=2 -3) P(0) = (0 + 1)2(0 - 3)
= (-1)%-5) = (1)’(3)
<0 <0
So the curve is below the x-axis for x < —1. So the curve is below the w-axis for —1< x < 3.
Testx > 3, say x = 4: P) =’ — o — 54 -3
Y
P@)=@4+1y@4-3) 4]
=(5)’(1) 3
=25 2

>0

So the curve is above the x-axis for x > 3.
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Limiting behaviour of polynomials

What does the graph of a polynomial look like for large positive and negative values
of x as x — eo?

. INVESTIGATION [HEE R

. LIMITING BEHAVIOUR OF POLYNOMIALS

Use a graphics calculator or graphing software to explore the behaviour of polynomials
. asx becomes large (both negative and positive values).

For example, sketch f(x) = 24" +3x° = 7x— 1 and flw) = 2% together. What do you notice
. at both ends of the graphs where x is large? Zoom out on these graphs and watch the
. graph of the polynomial and the graph of the leading term come together.

. Try sketching the graphs of other polynomials along with graphs of their leading terms.
. Do you find the same results?

The leading term, #,x" of a polynomial function shows us what the limiting behaviour of the
function will be.

For very large |x|, P(x) = a,4".

As x becomes large, the leading term #,x” becomes very large compared with the other terms
because it has the highest power of x and the other powers of x are relatively small.

Consider a polynomial of even degree; for example, a polynomial whose leading term 44" is 3x*

or x* or —54°.

If » is even, x” is always positive.
So if  is even and 4, > 0, then 2,x" > 0.

As x — too, P(x) — oo, as shown by these 3 graphs of polynomials.

NS
SO AN AT

Degree 2 (quadratic) Degree 4 (quartic) Degree 6

If n is even and 4, < 0, then #,x" < 0.

As x — too, P(x) — —oo, as shown by the 3 graphs of polynomials on the next page.
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]

Degree 2 (quadratic)

\

x

/

/
Degree 4 (quartic)

/
Degree 6

Now consider a polynomial of odd degree; for example, a polynomial whose leading term

a,x" is x° or —4x° or 2x’.

If #1s odd, " > 0 for x > 0 and «” < 0 for x < 0.

So if 7 is odd and 4, is positive, then #,x" > 0 for x > 0 and #,x" < 0 for x < 0.

As x — —oo, P(x) — —o0 and as ¥ — oo, P(x) — oo, as shown by these 3 graphs of polynomials.

YA

/ )
'
Degree 1 (linear)

Y

~
e

Degree 3 (cubic)

y

Y

Degree 5

If 7 is odd and 4, is negative, then #,x4" < 0 for x > 0 and #,x" > 0 for x < 0.

As x — —oo, P(x) — o0 and as x — oo, P(x) — —co, as shown by these 3 graphs of polynomials.

\yu
\x

Degree 1 (linear)

y

/\

Degree 3 (cubic)

-\

v

LA
YARVA

Degree 5
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The graph of a polynomial

If P(x) has even degree, the ends of the graph both point in the same direction.

Leading coefficient > 0

2

A

~

/N

yh Leading coefficient< 0

2y

o

2y

'

If P(x) has odd degree, the ends of the graph point in opposite directions.

Leading coefficient > 0

/

/

3
y
\ Leading coefficient < 0
\/ \Z

\

Exercise 6.05 Graphing polynomial functions

1 a Show thatx — 2 is a factor of P(x) =a° — 3x? — 4 + 12.

b  Write P(x) as a product of its factors.

¢ Sketch the graph of the polynomial.

2 Sketch the graph of each polynomial, showing all x- and y-intercepts.

a Px)=x+3x"—10x-24
P(x)=12 —19x + 8% — &°
P(x) =« +22° + 9x — 18
Px)=a’ — 5" +8x— 4
P(x) = 16x + 124> — x*

= @ [} e )

b

> = o

[

Px)=o+a>—9x -9
Px)=o’—13x+12
Plx)=x"+2x" —4x -8
Px)=o’ +a = 5x+3
Px)=x"-22" +1

MATHS IN FOCUS 11. Mathematics Extension 1
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3 For each graph, state if:
i the leading coefficient is positive or negative

ii the degree of the polynomial is even or odd.

a ¥y

N

A/R

—

=2y

ISBN 9780170413299
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=y

v T

4 Draw an example of a polynomial with leading term:
a « b -2/ ¢ 3
d e -2

6.06 Multiple roots ,
If flo) = (x + 2)%, we say that the quadratic equation f(x) =0 ?_ / o2y
has a double root at x = -2 since there are 2 equal roots. 4_ y=letd)
2
14

Double root atx = -2
Turning point at x = —2

Similarly, if f(x) = (x — 1)°, the cubic equation f(x) = 0 has a ¥
triple root atx = 1. 81
. . . . . 6 y=@-1
Notice that there is always a turning point or point of 4
inflection where there is a multiple root. 5

Triple rootatx =1
Point of inflection at x = 1
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. INVESTIGATION (R

MULTIPLE ROOTS

. Use a graphics calculator or graphing software to graph polynomials with multiple roots. .
. a Examine values close to the roots.

- b Look at the relationship between the degree of the polynomial, the leading
coefficient and its graph.

1 P)=(x+1)(x-3) 2 P)=@+1)>x-3)
© 3 Pl)=—(x+1)P’x-3) 4 Pi)=—(x+1Dx-3)
© 5 Pl)=(x+ )x—3) 6 Pk)=(@+1x-3)
-7 P(x) = —(x + )(x - 3)* 8 P =—(+1)7@x-3)

9 P(x)=—(x+1)*(x-3) 10 P@)=(r+ 1)@ -3)

Multiple roots
If P(x) = (x — k)’ Q(») then P(x) = 0 has a double root at x = % (2 equal roots)

If P(x) = (v — k)’ Q(x) then P(x) = 0 has a triple root at x = k (3 equal roots)
If P(x) = (x — k)" Q(x) then P(x) = 0 has a multiple root at x = k (» equal roots).

WEe can also say that P(x) has a root with multiplicity » at x = .

a  Examine the behaviour of the polynomial P(x) = (x + 2)*(x — 1) close to its multiple
root and describe how this affects its graph at this root.

b Describe the limiting behaviour of the polynomial.

¢ Sketch the graph of the polynomial.
Solution

a  P()=(x+2)*(x— 1) has a double root at x = —2.

Look at the sign of P(x) close to x = —2:

On LHS: On RHS:
P(2.1)=(=2.1+2)*=2.1-1) P(-1.9)=(-1.9+2)(-1.9-1)
=-0.031 =-0.029
<0 <0
So the curve is below the x-axis on So the curve is also below the x-axis on
the LHS. the RHS.
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As P(x) is negative on both sides of the double root at x = -2, its graph is below the
x-axis. But o = =2 is an x-intercept, so there is a maximum turning point at that point.

b P =(x+2)*(x—1) has the leading term #° so it has an odd degree (3) and a positive
leading coefficient (1). As x — oo, P(x) — 0. Since P(x) is odd, as x — —eo, P(x) — —oco.

P)=(x+2)>*x—1)

Turning points at multiple roots on polynomial graphs

If the multiplicity 7 of a root is even, there is a maximum or minimum turning point at
the multiple root.

If the multiplicity 7 of a root is odd, there is a point of inflection at the multiple root.

Sketch the graph of P(x) = —w(x — 3)°.
Solution
P(x) = —x(x — 3) = 0 has roots at A

x=0,0=3.

x =0 1is a single root so the curve crosses
the x-axis at this point.

x =3 is a triple root. Since 7 is odd, there 0 3\«
is a point of inflection at x = 3. P(x) = —x(x - 3)°

P(x) = —x(x — 3)’ has leading term —x",
so P(x) has an even degree and a negative
leading coefficient. '

As i — oo, P(x) — —oo.
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Exercise 6.06 Multiple roots

1 Find the roots of each polynomial equation P(x) = 0 and state if they are multiple roots.

a Px)=+"—6x+9 b P =x"-92"+14x

¢ Pl =x-34 d fw=+'-22"-4r+8

e P)=x-6x"+12x-8 f o A =x"—4 + 527 - 2
g P)=x'—4x 227 +12x+9 h Q@ =x -8x"+16x°

i P =at+20° - 1227+ 140 -5 j o f@) =2t + 50+ 60 — 4 -8

2 A monic polynomial of degree 2 has a double root at x = —4. Write down an expression
for the polynomial P(x). Is this a unique expression?

3 A polynomial of degree 3 has a triple root at x = 1.
a  Write down an expression for the polynomial. Is this unique?

b If P(2) = 5, write the expression for the polynomial.

Sketch the graph of a polynomial with a double root at x = 2 and leading term 2x°.
Sketch the graph of a polynomial with a double root at x = -1 and leading term —°.
Sketch the graph of a polynomial with a double root at x = 2 and a leading term x”.

Sketch the graph of a polynomial with a double root at x = -3 and leading term 5.

© N &0 u b

A polynomial has a triple root at x = 1 and leading term «’. Sketch a graph showing this
information.

9 Given a polynomial with a triple root at x = 0 and leading term —x", sketch the graph of
a polynomial that fits this information.

10 Ifa polynomial has a triple root at x = -2 and a leading term of «*, sketch the graph of a
polynomial fitting this information.

11 A polynomial has a triple root at x = 4 and its leading term is —4«”. Sketch its graph.

12 A monic polynomial has degree 3 and a double root at x = —1. Show on a sketch that the
polynomial has another root.

13 A polynomial with leading term —x® has a triple root at x = —2. Show by a sketch that the
polynomial has at least one other root.

14 A polynomial has a double root at x = 2 and a double root at x = —3. Tts leading term is 2+°.
By sketching a graph, show that the polynomial has another root.
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6.07 The inverse of a function

The inverse of a function is an operation that ‘undoes’ the original function.
For example:

* The inverse relation of y =2xisy = 5
i

 The inverse relation of y = J/x is y =

Change the subject of each function to x, and then find the inverse relation of the
function.

a y=2x+1 b y=+-2
Solution

a  Make x the subject of the function:
y=2x+1
y—1=2x

The inverse operations of ‘multiplying by 2 then adding 1’ are ‘subtracting 1 then
dividing by 2.

So the inverse relation of y=2x+ 1 isy = xT—I
b y=a =2

y+2=oa

Jy+2=x

The inverse operations of ‘cubing then subtracting 2’ are ‘adding 2 then finding the
cube root’.

So the inverse relation of y =a® — 2 is y =3/x + 2.

Notice in the example that for the inverse relation, we can swap x and y.

Finding the inverse relation of a function

The inverse relation of y = f(x) can be found by interchanging the x and y of the function,
then making y the subject.
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Find the inverse relation of:

a y=3x-8 b fl)=20+7 ¢ y=x'+4w-7
Solution
a x=3y—38 b x:2f+7 c x:f*Jw_7
x+8=3y x=7=2y x+7=y"+4y
xTJrSﬂ’ xT_7=y5 x+7+4=y" +4y+4
= x+1l=@+2)° *
2 Y +fr+1l=y+2
tVx+ll-2=y

Exercise 6.07 The inverse of a function

Completing the square

1 Find the inverse relation of each function.

a y=3x b y=—x

d y=x e y=7x

g y=x-5 h flx)=x+3

j y=x5 k flx)y=x-9

m y=-3x n y=«
x 8

P =g q y=x

2 Find the inverse relation of each function.

a y=x2+5 b f=+"-1
2 3

d =y ° T

g f0)=+x+2 h y=3Yx-7

j oy=3"-2 k f)=2Jx+5

m y=2x4 n y=x2+5

P y=2+8 q y=4x—a

s y=a"+10x-1 t y=a"—6r-3

- A

c = 0

fo)=5
fl)=x+1
y=a
fl)=5-«
y=x

y=\3/x—2

x+1

e

Ie x
y=3m
y=a%-3
y=a' =20 +3
y=at + 12011
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6.08 Graphing the inverse of a function

Graph of the inverse of a function

On the number plane, the graph of the inverse relation is a reflection of the graph of the
original function in the line y = x.

If a point (x, y) on the number plane has its x- and y-coordinates swapped, then the point
(y, x) is the reflection of (x, y) in the line y = .

Sketch the graph of the original function, its inverse and the line y = x on the same set of axes.
a y=x+3 b y=4+ c y=«
Solution

a  y=x+3isaline with gradient 1 and y-intercept 3.

For x-intercept, y = 0:

O=x+3

x=-3

Inverse of y =x + 3:

x=y+3

y=x—3

"This is a line with gradient 1 and y-intercept 3.

For x-intercept, y = 0:

O0=x-3
w=3
y _ B
o y =« + 3 (function)
sy =
5 // y=x
7
4 P

»7 y=x-3 (inverse relation)
7
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b y=4isa cubic function with a point of inflection at (0, 0).

Inverse of y = a°:

x=y

y=3x

W= \S/x_ (inverse) s

'

X

¢ y=4"isa quadratic function with a turning point at (0, 0).

Inverse of y = a’:

y=x2
X = y2 (function)
y= +/x
% 0 1 4 9
y 0 £1 2 9

Notice that y = +/x
is not a function.

y=% \/; (inverse)

The inverse relations of y =x + 3 and y = &’ are also functions, while the inverse relation of

2

y=ux"is not. How could you test the original function to see if its inverse is a function?

Horizontal line test

A function has a unique y value for every x value. This can be determined by a vertical line test.

Since the inverse is an exchange of the x and y values, the inverse function exists if there is a
unique value of x for every y value in the original function, that is, if the original function is
one-to-one. As we saw in Chapter 4, this can be determined by a horizontal line test.

Horizontal line test

If any horizontal line crosses the graph of a
function at only one point, then the inverse

relation is a function.

This also means that the original function

is a one-to-one function.

\
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If a horizontal line crosses the graph at more y
than one point, then the inverse relation is
not a function.

<

Notice that functions that pass the horizontal line test are either always increasing or always
decreasing. They do not have turning points. We call these functions monotonic increasing
or monotonic decreasing.

Exercise 6.08 Graphing the inverse of a function
1 Sketch the graph of each function, its inverse and the line y = x on the same set of axes.
a flx=2x+1 b y=+-1 C f(x)z% d y=Jr+1
2 Does the function represented by each graph have an inverse function?

a y b

o 7

MATHS IN FOCUS 11. Mathematics Extension 1 ISBN 9780170413299



YA

@)

6. Polynomials and inverse functions

ISBN 9780170413299



6.09 Inverse functions
foncons Inverse function notation
If the original function is y = f(x), then we write the inverse function as y = f ().

inverse Note: f ~'(x) is not the same as the reciprocal function [ f(x)]™*

functions

1
code puzzle f (x)

Because x and y are interchanged in inverse functions, the domain of the inverse function is
the range of the original function, and the range of the inverse function is the domain of the
original function.

Domain and range of inverse functions

If y = f(x) is a one-to-one function with domain [, 4] and range [ f(a), f(0)],
the inverse function y = £ " (v) has domain [ f(x), f(¢)] and range [a, b].

EXAMPLE 17

functions a Find the domain and range of the function y =

‘ -
[\

v
b  Find the inverse function.

¢ Find the domain and range of the inverse function.

Solution
a The denominator can’t be 0. b x= %
y—
x—2#0
5o 1
X %2 y—<= ¥
D;)main: (o0, 2) U (2, ) ye 1 4o
—— =0 ¥
x—2
Soy#0
Range: (—eo, 0) U (0, o0) C Domain: (—ee, 0) U (0, o)

Range: (<, 2) U (2, )
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Restricting the domain

If a function fails the horizontal line test and is not one-to-one, we can still create an inverse
function if we restrict its domain to where it is monotonic increasing or decreasing only
(no turning points). Then it will have an inverse function over that restricted domain.

EXAMPLE 18

Restrict the domain of each function to find an inverse function and its domain and range.

2

a y=x
b fix= x —4dx
Solution

a  The inverse relation is
x= yz

y=tx

y =" is a parabola with a minimum

turning point at (0, 0).

We can restrict its domain to where it is
monotonic increasing in the interval

x>0.

So f(x) has domain [0, ) and range
[0, %), and f~*(x) must have domain

[0, o) and range [0, o).
<. The inverse function is y = \/x.

M) y=22 x20

Alternatively, if the domain of y = x*

is restricted to « < 0 where it is
monotonic decreasing, then the inverse
function is y = —Jx with domain [0, )
and range (—eo, 0].

ISBN 9780170413299
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Inverse relation:

x=y -4y

=(y-2)
Hx+4d =y-2
sLy=tJx+4 +2

f(%) = «* — 4x is a concave upwards parabola with

F)= 2% —4x

-2 -1

x-intercepts 0, 4 and axis of symmetry atx = 2.

f2)=2"-4Q)
-4

Minimum turning point at (2, —4).

f(x) is monotonic increasing for x > 2.
If the domain is restricted to [2, ), the
range will be [4, o0).
') will have domain [~
range [2, o).

@ =vr+4 +2
f@=Nx+4+2 -

7

4, o) and

d

Z

2

e
e
'
I

f@)=a?—4x, x>2

Similarly, if the domain of f(x) is
restricted to (—oo, 2] the inverse function
will be £(¥) = —/x+4 + 2 with domain
[-4, e0) and range (—eo, 2].

flw) = 2% — 4,

x<2

fla@=vx+4+2

A function and its inverse ‘undo each other’. That s, f I f@l=/1f )] =

MATHS IN FOCUS 11. Mathematics Extension 1
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If y =2« -5, find the inverse function and show that f | f@l=fLf )] = a.

Solution
=2y-5
=7y fiFtwr=r 22
x+5=2y
x+5 x_+5
7 R
L xS —lg51 =15
fr )= 2 =47
-1 _r-1 _
@] —](fz <2»;)+55> @I =ff T @] =
_Qx=5)+5
B 2
_2
)
=5

Exercise 6.09 Inverse functions

1 Which of these functions has an inverse function? There is more than one answer.
4

A f(x)=5x-7 B y=-— C y=o+1 D y=4x
x
2 Find the inverse function of each function, and state its domain and range.
a y=4+ b y=3x-2 c f(x)zE d y=L
x x+1

3 If the domain of each function is restricted to a monotonic increasing curve, find the
inverse function and its domain and range.

a y=2 b y=++2 ¢ y=(x-3)

d y=o"-2x e y=a foy=1-4
=xt-1 h y=1

g y=x- 3’—?

4 a Find the domain over which the function y = +” + 6x is monotonic increasing.

b Find the inverse function over this restricted domain, and state its domain
and range.

¢ Find the domain over which y = #* + 6x is monotonic decreasing.

Find the inverse function over this restricted domain, and state its domain
and range.
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5 Restrict the domain of each function to a monotonic decreasing curve and find the
inverse function over this domain.

a y=x2 b y:3x2—1 C f(x):(x—2)4
3 2
d y== .
Y= e fw=
6 For each function and its inverse, show that [ f(x)] = f [ f ' (x)] = .
a flyy=x+7 b y=3x c y=\/;
d y=3x+1

7 a Find the domain and range of y = Ll
b  Find the inverse function. N

¢ State the domain and range of the inverse function.
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For Questions 1 to 3, select the correct answer A, B, C or D.

1 Which is a possible equation for this graph?

A Pl)=(+ 1Px-2) ’
B P=x-1)+2)
C P@)=—(x+1)7°x-2)
D Pw=—(x-1)>x+2) Polymoric
-1 2 %
2 Iff(x) = x1_3, find £ (w):
3 1 1
A flw=— B f'®=_+3 € fl@=r-3 D fl®=—7

3 If the roots of the quadratic equation &* + 3x + & — 1 = 0 are consecutive, evaluate .

A k=-1 B k=1 C k=2 D k=3
4 Write p(x) =« + 42’ — 140 — 362 + 45 as a product of its factors.

5 Ifo, B and yare the roots of &° — 34> + 2 — 9 = 0, find:

d 1,11
ol

B v

6 A monic polynomial P(x) of degree 3 has zeros -2, 1 and 6. Write down the polynomial.

a o+p+y b ofy ¢  of+oay+Py

7 a Divide P(x) = " + #° — 1947 — 49x — 30 by &* — 2 — 15.

b Hence, write P(x) as a product of its factors.
8 Find the inverse function of f(x) =3 — 2u.

9 For the polynomial P(x) = &* + 2x* — 3x, find:
a the degree

b the coefficient of x
¢ the zeros

d the leading term.

10 Sketch the graph of f(x) = (v — 2)(x + 3)°, showing the intercepts.
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12

13

14
15
16

17

18
19
20
21
22
23
24
25
26
27

28

29

30
31

If ax* + 32° — 48x% + 60x = 0 has a double root at x = 2, find:

a thevalue of # b the sum of the other 2 roots.

State the domain and range of y =x—1.

a
b  Find the inverse of this function and state its domain and range.

Find the domain and range of y = L
x+2

o

Find the inverse function.

¢ Find the domain and range of the inverse function.
Show that x + 7 is not a factor of &° — 7a” + 5x — 4.
If the sum of 2 roots of x* + 2x° — 8% — 18x — 9 = 0is 0, find the roots of the equation.

a Find the domain over which the curve y = 2% — 4x is monotonic increasing.

b Find the inverse function over this domain.

If p(¥) = #° — 1 and ¢(x) = 2x + 5, evaluate:

a p'() b 4'03)

The polynomial fix) = ax® + bx + ¢ has zeros 4 and 5, and f(~1) = 60. Evaluate 4, b and c.
Find the x- and y-intercepts of the curve y = x* — 3% — 10x + 24.

Divide p(x) = 32" — 74’ + 8% — 5 by & — 2 and write p(¥) in the form p(¥) = (v — 2) a(x) + b(x).
When 8x° — Skx + 9 is divided by x — 2 the remainder is 3. Evaluate 4.

Write P(x) =&’ + 22" + 2° — &% — 2x — 1 as a product of its factors.

By restricting the domain of fix) = »* — 4 to monotonic decreasing, find its inverse function.
Find the zeros of g(x) = —x? +9x = 20.

Sketch the graph of P(x) = 2x(x — 3)(x + 5), showing intercepts.

Find the value of % if the remainder is —4 when &° + 2x” — 3x + k is divided by x — 2.

The sum of 2 roots of x* — 7x° + 54> — x + 3 = 0 is 3. Find the sum of the other 2 roots.

The leading term of a polynomial is 3x’ and there is a double root at = 3. Sketch a
graph of the polynomial.

A polynomial P(x) has a triple root at x = —6.

a  Write an expression for P(x).

b  If P(x) has leading coefficient 3 and degree 4, sketch a graph showing this information.

Draw an example of a polynomial with leading term 3°.

If f(x) = &°, show that [ £ ()] = f [ )] = .
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1 a Write the polynomial P(x) = u* — 44” + 5u — 2 as a product of its factors.
b Hence or otherwise, solve (x — 1)> —4(x — 1)’ + 5(x = 1) = 2 = 0.

2 a Write f(u) =« — 13u” + 39u — 27 as a product of its factors.
b Hence or otherwise, solve 3** — 13(3%) + 39(3*) - 27 = 0.

3 Find the points of intersection between the polynomial P(x) = * + 54 + 4x — 1 and the
line 3x+y+4=0.

4 Divide 6x” — 3x+ 1 by 3x— 2.

5 If P(x) = ax’ + bx’ + cx + d has a remainder of 8 when divided byx—1,P2)=17,
P(-1)=-4 and P(0) = 5, evaluate 4, b, c and 4.

6 1If o, B and yare roots of the cubic equation 2x° + 8x* — x + 6 = 0, find:
a ofy b o+p+Y

7 Find the value of # if (v + 1)(x — 2) is a factor of 2x* — x* + ax — 2.

8 Prove thatif x — & is a factor of polynomial P(x), then P(k) = 0.

9 Sketch a graph of a polynomial with a double root at x = k; and a double root at x = &,,
if the polynomial is monic, has even degree, and &, > ;.
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